When linear polymer chains in dilute solution are subject to extensional flow, each chain in the sample experiences the coil-stretch transition at a different time. Using Brownian dynamics simulation, we have studied the distribution of transition times in terms of the extensional rate and the length of the chains. If instead of time one characterizes the effect of the flow by the accumulated strain, then the distribution and its moments seem to take general forms, independent of molecular weight and flow rate, containing some numerical, universal constants that have been evaluated from the dynamical simulation. The kinetics of the transition, expressed by the time-dependence of the fraction of remaining coils, has also been simulated, and the results for the kinetic rate constant has been rationalized in a manner similar to that used for the transition time. The molecular individualism, characterized in this work by the distribution of transition times, is related to the excess of the applied extensional rate over its critical value, which will determine the transition time and other features of the coil-stretch transition.
I. INTRODUCTION
When dilute solutions of flexible-chain polymers are subject to flow, the macromolecular coil, that is the characteristic state of flexible chains in quiescent solutions, is deformed. This deformation consists of orientation and/or stretching and it can be detected through a change in the properties depending on the overall size of the macromolecule. In extensional flows, chains keep their coil state until the extensional flow rate, ⑀ , reaches a certain critical value, ⑀ c , which depends on the molecular weight of the polymer. Then the chain is stretched suddenly and the properties increase their values up to reach the steady-state values corresponding to that flow rate.
From the point of view of steady-state behavior, the transition is seen as an abrupt change in the dependence of steady-state values of the properties of a sample of molecules on ⑀ . The sample properties are nearly unchanged from the values corresponding to the coiled molecules in quiescent solution until the critical rate, ⑀ c , is reached. If the applied extensional rate is just above ⑀ c , then the sample properties ͑for instance, the birefringence or the mean square radius of gyration͒ reach much higher values corresponding to the stretched conformations. This situation, usually named coilstretch transition, was described theoretically in a classical paper by De Gennes, 1 and has been the subject of a number of investigations, employing theoretical, experimental, and computer simulation approaches. For instance, in a recent paper, 2 we have employed Brownian dynamics simulation to determine the dependence of ⑀ c on molecular weight and solvent quality.
In addition to this, more conventional point of view, there is another perspective in which one regards the behavior, properties and time evolution of the individual chains in the flow. When exposed to an overcritical extensional flow for some time, each chain will experience an individual coilstretch transition, in which its conformation changes suddenly from a random coil to a stretched state. In a remarkable experiment, Perkins et al. 3, 4 have visualized the evolution of individual DNA chains in extensional flow. Our knowledge about the behavior of polymer molecules in extensional flow has also benefited from Brownian dynamics simulations of multibead chains, carried out in a number of works ͑for instance, see Refs. 5-15, to cite just a few͒, including some from our group. 2,16 -19 The picture that emerges from the experiments and the most recent simulations is that of a molecular individualism, 20 which includes several aspects. Thus, when the extensional rate is sufficiently high, there is a noticeable variability in the stretched state: not all the chains become fully ͑linearly͒ stretched but, instead, one also may observe folds, coiled parts, etc.
Another, and perhaps more primary aspect of the molecular individualism is that different chains in the solution undergo the transition at different times. After the inception of the flow, each individual chain remains in the coil state for some time, hereafter denoted t trans , after which the transition takes place suddenly, in a practically instantaneous manner. This time that each molecule needs to be exposed to the flow before suffering the transition, varies widely from molecule to molecule. The molecular individualism in t trans has been noticed in experiments and simulations, and in the present work we present a systematic analysis of this quantity in terms of basic features of the polymer-solvent system, such as chain length or excluded volume effects. We employ the methodology successfully tested and exploited in our previous simulations of steady-state properties. 
II. THEORY, MODELS AND METHODS

A. Models for polymer and flow
We consider a dilute polymer solution in steady, homogeneous, uniaxial extensional flow with a velocity field given by
The polymer molecules were modeled as bead-and-spring chains with N beads and NϪ1 FENE ͑finitely extensible nonlinear elastic͒ springs, for which the spring force is given by
where H is the Hookean spring constant, Q is the spring vector, and Q max is the maximum spring length. As it will be shown later, such an ideal chain without excluded volume interactions is sufficient for some purposes. When we wish to consider excluded-volume ͑EV͒ effects, interactions between non-neighboring beads can be modeled in two ways, which were described in our previous paper. 2 In one of them we use a purely repulsive potential that decays exponentially with distance. Another alternative that is more appropriate at a molecular level is the Lennard-Jones ͑LJ͒ potential, with both attractive and repulsive terms. With adequate choices for the model parameters, the LJ potential can mimic both good solvents and theta solvents. For more details on the parametrization, the reader is referred to the original literature on the LJ potential 22, 23 and the soft potential 24 or to our previous simulations in which both were used. 2 The advantage of soft potential is that it does not require very long time steps in the simulation, while the LJ potential is adequate to properly describe possible effects from intramolecular repulsions.
For the Brownian dynamics simulation, we employ the pseudo-second order, predictor-corrector algorithm of Iniesta and García de la Torre, 25 including solvent flow. Fluctuating hydrodynamic interaction ͑HI͒ is taken into account using the Rotne-Prager-Yamakawa interaction tensor. 26, 27 In some simulations, the HI is switched off in order to learn which features of the results are caused by HI.
The computer work and the presentation of results is facilitated using nondimensionless, reduced forms of the various physical quantities. For instance, time is written in reduced form as t*ϭt/͑b 2 /kT͒. ͑3͒
The extensional rate is made dimensionless recalling that it is a reciprocal of time:
In Eqs. ͑3͒ and ͑4͒, is the friction coefficient of the beads, and bϭ(3kT/H) 1/2 is the unit of length. In general, the simulation methodology is the same as in our previous paper, 2 where more details about the algorithm and the parameters can be found. The time step in Brownian dynamics simulation was usually ⌬t*ϭ10
Ϫ3 , except for LJ-EV chains, which require ⌬t*ϭ10 Ϫ4 . For simulations with hydrodynamic interaction, the HI parameter h* was 0.25. The maximum spring length was Q max * ϭQ max /bϭ10.
B. Coil-stretch transition
Trajectories for a sufficiently large number of molecules ͑typically 2000͒ are generated using the following protocol. Initial conformations are taken from a previously generated Monte Carlo sample, and the Brownian trajectory of each molecule is simulated first without flow for a sufficiently long time, thus allowing the molecule to equilibrate. Then, a flow with extensional rate is applied. The extensional rate ⑀ is more or less greater than the critical value, ⑀ c , that was determined in separate simulations as described in our previous paper. 2 The evolution of molecular properties is then monitored for each molecule as a function of the time spent in the flow. As a characteristic molecular property, we consider the square radius of gyration, s 2 , whose values are recorded as a function of time for each molecule in the sample. Figure 1 displays some typical results, and shows the basic features of the dynamic behavior of the molecules. Note here that the value of the extensional rate in that plot, ⑀ *ϭ0.16ϭ1.2⑀ c * , is too small in order folded structures to appear. It was chosen as a clear illustration of the sharpness of the coil-stretch transition and of the studied property.
After being exposed to the flow, the molecules have for some time a radius that remains around the mean value in absence of flow, ͗s* 2 ͘ 0 ϷN/6.
͑5͒
Suddenly, the radius increases dramatically and, in a much shorter time, it reaches a value proper of a stretched conformation. For a fully stretched, straight conformation, this is
For each molecule, we determine the time, t trans , during which it was exposed to the flow prior to the coil-to-stretch transition. As an operational criterion, we consider that the transition occurs when the square radius reaches the mean point, in a logarithmic scale between the coil and stretch limits:
Outcome of a typical computer experiment. Evolution of the square radius of gyration for 20 chains; Nϭ20, HI, No-EV ͑ideal chains͒. From t*ϭ0Ϫ100, ⑀ *ϭ0.00 and from t*ϭ100Ϫ500, ⑀ *ϭ0.16ϭ1.2⑀ c * .
ln͑s* 2 ͒ϭ͑ ln͗s*
We note that a midpoint in a linear scale would not be adequate since it could fall well within the stretched state: stretched but not straight conformations may have a square radius of about s max * 2 /2. What we intend to monitor in that way is the time required for the onset of the transition, for the appearance of the subito, abrupt change that is typical of the coil-stretch transition. We do not pay attention in the present work to the evolution of the polymer molecules after t trans , when the appearance of possible different conformations ͑kinks, folds, . . . ͒ affects remarkably the dynamics of the system. Indeed the conformational variability after the transition has been considered in detail by other authors. 28 Thus, with the criterion used it is expected that the values obtained for t trans are not affected by the different possible conformations that can arise.
When s 2 of the individual chain reaches the crossover value in Eq. ͑7͒, the time t trans past the inception of the flow is registered. As t trans is the primary quantity for this study, the trajectory can be stopped at this point. We have tried other transition criteria, even based on other molecular properties ͑the birefringence, for instance͒. Owing to the extreme sharpness of the transition, as seen in Fig. 1 , it turns out that the t trans values are practically the same. In this way we collect the t trans values for all the molecules in the sample, of which we carry out a statistical analysis. We determine the distribution function of these values, P(t trans ), of which the most representative parameter is the mean, ͗t trans ͘.
If we consider a two-state scheme, in which a molecule is coiled as long as its s 2 is below the crossover value, and stretched when this is exceeded, then the number of coils, n coil (t) at a given time can be obtained from the set of t trans values as the number of molecules with t trans Ͼt. Thus we evaluate the fraction of coils remaining at time, t, c(t) ϭn coil (t)/n coil (0 This result is universal in the sense that it appears to be valid for any chain length. It must be pointed, however, that the range of values of N explored (Nϭ12,20,30,40), may not be large enough in order to guarantee the strict universality of the Eq. ͑9͒. According to Eq. ͑9͒ if ⑀ р⑀ c , whatever the deformation of the fluid, the polymer chain does not experience coilstretch transition (͗t trans ͘ is negative or infinity͒. When ⑀ Ͼ⑀ c molecules undergo transition. But in the earliest instants of residence of the polymer in the flow, which will be longer as the value of ⑀ tends to ⑀ c , spring and Brownian forces are still able to balance the drag force and the molecule is scarcely distorted from its coil conformation. Only for that time, t trans , for which the deformation of the fluid exceeds in a certain amount to its deformation under critical condition, when ⑀ ϭ⑀ c , the molecule will experience the transition, because then the molecule is distorted enough in order the drag force to be unbalanced. Such a time and the corresponding macroscopic deformation will be different for each molecule in the sample. What Eq. ͑9͒ states is that, on average, such an amount of extra deformation, or overcritical strain, is approximately a constant independent on the chain length.
We have investigated the effect of excluded volume on the dependence of ͗t trans ͘ on the elongation rate. Figure 3͑b͒ shows results for ideal and theta chains, as well as for chains with excluded-volume repulsions. When ⑀ is just above ⑀ c ͑for small ⑀ Ϫ⑀ c ͒ there seems to be a difference in the behavior of ideal and EV chains. On the other hand, at large ⑀ the EV effects vanish. The universal behavior that we have found can be manifested even more generally in terms of the whole distribution of transition times. When the variable, instead of t trans , is t trans (⑀ Ϫ⑀ c ), all the distributions tend to merge in a single curve, as seen in Fig. 4͑a͒ , which represents a universal distribution of the quantity t trans (⑀ Ϫ⑀ c ), independent of chain length and applied flow rate. In Fig. 4͑b͒ we collect results for a given chain at various ⑀ above ⑀ c . Again, the results for the various cases are very similar in terms of t trans (⑀ Ϫ⑀ c ).
As indicated above, the kinetics of the coil-stretch transition can be evaluated in terms of the fraction of coils remaining after a time t, c(t). Results for this quantity are given in Fig. 5͑a͒ , which reveals two interesting features ͑a͒ the kinetics is initially very slow; there is some time ͑which is longer for longer chains͒ during which nearly all the molecules remain in the coil conformation; ͑b͒ once some time has elapsed, the number of coils decreases exponentially with time, as in a first-order chemical reaction. To a good approximation, the kinetics could be described by the following equation:
where t ind is the induction time and k cs is the rate constant. Kinetic data can be easily fitted to obtain the two parameters in this equation. The induction time t ind ͑which was also noticed in our early, related study of chain fracture 29 ͒, may be somehow an artifact introduced by Eq. ͑10͒; indeed, it is clear that the two regions in the c(t) curve are smoothly connected. On the other hand, k cs has a real existence, as shown by the neat exponential decay. If we would disregard t ind , the kinetic equation still could be written, for long times, as c͑t ͒ϭAe
where the constant A is equivalent to e k cs t ind . Notice here that such a kinetic equation would not be valid for values of t near t ind which is the most interesting region. The induction time should be distinguished from the transition time in the following sense: While t trans is a property of each individual chain ͑which may be averaged over the set of chains in the sample͒, t ind is a property of the sample, and corresponds approximately to the minimum time at which individual transitions begin to be observed. Also, t ind approximately corresponds to the time at which the P(t trans ) curve departs from zero ͓Figs. 4͑a͒, 4͑b͔͒.
When the kinetic data are replotted in terms of t(⑀ Ϫ⑀ c ) ͑Fig. 6͒ we observe that the induction time is apparently universal. Results for various cases can be condensed in the single result t ind ͑ ⑀ Ϫ⑀ c ͒ϭ2.22Ϯ0. 15 . ͑12͒
The analysis of k cs is more involved. We first notice that log-log plots of k cs * versus ⑀ *Ϫ⑀ c * are always linear, which suggests a power law: k cs * ϭQ(⑀ *Ϫ⑀ c *) a ⑀ . We find that the slopes are nearly the same for all the chain lengths, giving a ⑀ ϭ1.25Ϯ0.05 ͓Fig. 7͑a͔͒. The Q constant depends on N, again in the form of a power law QϭCN a N , so that we can formulate
From a log-log plot of Q versus N ͓Fig. 7͑b͔͒ we obtain a N ϭ0.33Ϯ0.02 and Cϭ0.36Ϯ0.02. We have attempted to justify or predict Eq. ͑13͒ and the numerical values of the constant by means of a dimensional analysis. We seek a relationship in terms of physical quantities, similar to Eq. ͑13͒, which would relate dimensionless quantities. k cs and ⑀ have the same units; so a natural combination that has the same values in dimensionless and physical form can be k cs (⑀ Ϫ⑀ c ) Ϫ1 , where in ⑀ we discount ⑀ c as suggested by all our previous findings. Thus Eq. ͑13͒ is rewritten
From our previous works 2 we know that ⑀ c *ϭC ⑀ N Ϫ3/2
with C ⑀ ϭ14.1Ϯ1.1. Thus, the term Tϭ(⑀ c *) a ⑀ Ϫ1 N a N will be a constant if a ⑀ ϭ1ϩ2a N /3. The numerical values that we found satisfy very well this condition. With a N ϭ0.33 (Ӎ1/3), a ⑀ should be 1.22(Ӎ11/9) and we obtained 1.25 Ϯ0.05. Thus, we may write
.
͑15͒
With our values of the numerical constants we find T ϭC ⑀ 0.22
ϭ1.80, and TCϭ0.64. The value of this product of constants could be found, in an alternative way, from the 
This equation holds for dimensionless and for physical quantities as well. It yields k cs * values that differ typically less than 10% from those found from our Brownian simulations.
IV. DISCUSSION AND CONCLUSIONS
The product of time, t, by the extensional rate to which the chain is exposed, ⑀ , is the Hencky strain, ⑀ϵ⑀ t. If we denote ⑀ c ϵ⑀ c t as the critical Hencky strain, then (⑀ Ϫ⑀ c )t ϵ⌬⑀ϭ⑀Ϫ⑀ c could be properly denoted as the excess ͑or overcritical͒ Hencky strain. At any time, we have ⑀ ϭ⌬⑀/(1Ϫ⑀ c /⑀ ). When individual chains experience the coil-stretch transition after being in the flow for a time t trans , the overcritical strain is (⌬⑀) trans . Our results ͓Eq. ͑9͔͒ indicate that the distribution of (⌬⑀) trans is somehow universal, independent of chain length and independent also of the applied extensional rate, with a mean value ͓from Eq. ͑9͔͒ of about ͗(⌬⑀) trans ͘ϭ3.2.
The time dependence of the number of remaining coils is well approximated by an induction time followed by a firstorder decay with rate constant k cs . This behavior can also be described in terms of strain. There seems to be an excess induction strain about (⌬⑀) ind ϭ2.2 ͓from Eq. ͑12͔͒ that the sample should accumulate prior to the occurrence of the coilstretch transitions. If the rate constant is rewritten not as a reciprocal of time but, instead, we use ⌬⑀ in Eq. .
͑18͒
In this form, the kinetic constant depends on the relative excess of extensional rate. Note that for any time of residence in the flow, this quantity is identical to the excess of ͑or overcritical͒ strain relative to its critical value: (⑀ Ϫ⑀ c )/ ⑀ c ϭ⌬⑀/⑀ c . As we discuss next, this ratio is essential to determine the behavior of the polymer chains in steady extensional flow. It is known that the critical extensional rate and the longest relaxation time, 1 , of the macromolecular chain are related by
The product is exactly 1/2 when hydrodynamic interaction is neglected. 2 Magda et al. 30 obtain 0.50 with hydrodynamic interaction treated in a somehow approximate manner. In our previous paper 2 we confirmed the 0.50 value in Brownian dynamics simulation with full, fluctuating hydrodynamic interaction. Then, this result can be combined with our Eq. ͑9͒ to yield
͑20͒
Thus, the quantity (⑀ Ϫ⑀ c )/⑀ c can be regarded as a measure of the strength of the overcritical extensional flow. Not only the ratio of the mean transition time to the relaxation time will depend on it, but also other features of the coil-stretch transition. Thus we can distinguish two limiting cases: First, the flow is weakly overcritical when the extensional rate is slightly above the critical value, ⑀ Ϫ⑀ c Ӷ⑀ c , i.e., when
We have ͗t trans ͘ӷ 1 , so that the time that the molecules spend in their travel from the onset of the flow until they experience the coil-stretch transition, is much longer than their Brownian relaxation time. The individual transition time and the final conformation will be essentially determined by the random events during such a long Brownian travel. The opposite limit corresponds to strongly overcritical flows, when the ratio (⑀ Ϫ⑀ c )/⑀ c ӷ1, i.e., when just ⑀ ӷ⑀ c . In this case the product of the excess extensional rate and the time is practically the same as the Hencky strain: t(⑀ Ϫ⑀ c )Ӎ⑀, ⌬⑀Ӎ⑀, and that ratio is simply ⑀ /⑀ c or ⑀/⑀ c .
In this limiting situation, ͗t trans ͘Ӷ 1 . The transition occurs in a time much shorter than the Brownian relaxation time of the molecule, so that the individual t trans value and the final conformation will be determined essentially by the conformation of the chain when it begins to experience the flow. The seemingly universal behavior found in our simulations and reflected in Eqs. ͑9͒ and ͑12͒ seems to suggest departure from affine deformation, which is a quite unusual finding. If affine deformation is assumed, the required Hencky strain to fully extension of the molecule can be calculated theoretically, 31 ,32 turning out to be ⑀ f ϭ1ϩln ͱN. We do not reach such stage in our simulations and the values of t trans reported here are far from the required times for fully affine extension (t f ϭ(1ϩln ͱN)/⑀ ). However if the deformation is affine, our ͗t trans ͘ should be some fraction of t f , and we do not find the kind of N dependence expected in such a case. As stated previously ͑Sec. III͒, in the earliest times of residence of the molecule in the flow, just before the overcritical strain is reached and an abrupt change in the properties is observed, Brownian motion is still important. Our values of t trans are determined basically for that period of time in which nonaffine deformation seems to be expected. On the other hand, it must be recognized that the scarce influence of N on the values of ͗t trans ͘, very clear as ⑀ is further from ⑀ c ͑as revealed by Figs. 2 and 3͒, may be caused by the range of N used. The validity of our results may be limited to values of the extensional rate greater than twice the critical value, which is the range used to obtain the equations reported here. As it is observed in Fig. 3͑a͒ , when the extensional rate, ⑀ , is very close to the critical value there is no longer linear dependence of ͗t trans * ͘ on (⑀ *Ϫ⑀ c *) and the independence on N starts to disappear. According to Fig.  3͑a͒ , this effect is remarkable only when (⑀ *Ϫ⑀ c *)Ͻ0.05 which, for chains with very low value of ⑀ c , i.e., high value of N, can be already twice the critical extensional rate. A more detailed analysis of the results and simulations with higher values of N and small values of the extensional rate are required to clarify these important points and determine exactly possible lower/upper bounds to our equations.
The predictions in this paper provide a semiquantitative description of the kinetics of coil-stretch transition that can be compared with experiments and other simulations. Thus, both experimental data 33, 34 and simulations 14 ͑see Fig. 4 in Ref. 14͒ show that the properties of a polystyrene solution with 1 ϭ1.12 s and ⑀ c ϭ0.446 s Ϫ1 , in strongly overcritical flow ͑with ⑀ , say, over 10 times the critical value͒ remain constant for about 2 units of Hencky strain. This agrees with our prediction that, for very strong flow, ⑀ ind Ϸ(⌬⑀) ind ϭ2.2. However, at a weaker flow with ⑀ ϭ1.01 s Ϫ1 , the induction value of the Hencky strain seen in the experiments is about 4 units; our prediction for this case is ⑀ ind ϭ2.2/ (1Ϫ⑀ c /⑀ )ϭ3.8, again in good agreement. The plots of properties vs Hencky strain show a second plateau at high strain corresponding to stretched chains, reached when the Hencky strain is about 8 -10. Again, this agrees with our predictions for the distribution of the transition times ͑Fig. 4 in this paper͒, which indicates that when ⌬⑀ ͑or simply ⑀ in strong flows͒ is approximately 8 -10 units, then nearly all the chains are in the stretched conformation.
